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ABSTRACT
Cosmology can be viewed as geodesic motion in an appropriate metric
on an ‘augmented’ target space; here we obtain these geodesics from an
effective relativistic particle action. As an application, we find some ex-
act (flat and curved) cosmologies for models with N scalar fields taking
values in a hyperbolic target space for which the augmented target space
is a Milne universe. The singularities of these cosmologies correspond to
points at which the particle trajectory crosses the Milne horizon, suggest-
ing a novel resolution of them, which we explore via the Wheeler-DeWitt
equation.
1 Introduction
The general (low-energy) Lagrangian for d-dimensional gravity coupled to N scalar
fields φα taking values in a target space with (positive definite) metric Gαβ is
L =
√−g
(
1
4
R− 1
2
Gαβ(φ) ∂φ
α · ∂φβ − V (φ)
)
, (1.1)
where V is a potential energy function on the target space. Here we discuss cosmo-
logical solutions of the equations of motion of this model. Assuming homogeneity and
isotropy, spacetime coordinates can be found such that the spacetime metric takes
the FLRW form
ds2 = −dt2 + S2(t) dΣ2k, (1.2)
where S(t) is the (positive) scale factor and Σk represents the (d-1)-dimensional
spatial sections of constant curvature k, which we normalize so that k = 0,±1. Note
that √−g = η volk η := Sd−1, (1.3)
where volk is the normalized volume element of a spatial section. Homogeneity and
isotropy also imply that the scalar fields are functions only of time. Thus, a cosmo-
logical solution is a trajectory in an ‘augmented target space’ (alias mini-superspace)
parametrized by N + 1 coordinates, which can be chosen to be Φµ = (η, φα). For
V = 0 and k = 0 it has long been appreciated [1, 2] that the trajectories in this space
are null geodesics with respect to the Lorentzian signature metric
GµνdΦ
µdΦν = −α−2h
(
dη
η
)2
+Gαβ dφ
αdφβ, (1.4)
where αh is the ‘hypercritical’ coupling constant, the general significance of which
was explained in [3] and which in our conventions takes the numerical value
αh =
√
2 (d− 1)
d− 2 . (1.5)
It was shown in [3] that k = 0 trajectories for non-zero V are also geodesics in the
augmented target space, but with respect to the conformally rescaled metric
G˜µν = Ω
2Gµν , 2Ω
2 =
{
η2 |V | V 6= 0
η2 V=0.
(1.6)
The geodesic is timelike if V > 0, spacelike if V < 0 and null if V = 0. This
observation is particularly useful if the target space is flat, because Gµν is then the
Minkowski metric and G˜µν is conformally equivalent to Minkowski space. This was
the case analysed in detail in [3].
Cosmologies with k 6= 0 were interpreted in [3] as projections of geodesics from a
‘doubly-augmented’ target space of dimension N+2. For k = −1 this reformulation is
particularly attractive because, in this case, the ‘doubly-augmented’ target space has
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Lorentzian signature, and the geodesics are again either timelike, spacelike or null,
according to the sign of V . One result of this paper is a geometrical interpretation of
the projection involved in this construction as Scherk-Schwarz dimensional reduction;
formally, the same applies to k = 1 cosmologies but the extra dimension in this case
is timelike. An alternative formulation of k = ±1 cosmologies as geodesics, which we
explain here, attributes the effect of the spatial curvature to an additional term in an
effective potential, to which the k = 0 methods may then be applied.
In effect, the results just summarized reduce the study of FLRW cosmologies to
free particle mechanics! Actually, this should not come as such a surprise because the
Maupertuis-Jacobi principle of classical mechanics makes a similar claim for many
dynamical systems. Consider a particle of unit mass moving on a Riemannian space
with metric gij in coordinates Q
i, in a potential V (Q). Its Lagrangian may be written
in time-reparametrization invariant form as
L = PiQ˙
i −HT˙ + e
(
H − 1
2
gijPiPj − V
)
(1.7)
where Pi is the particle’s momentum, the Lagrange multiplier e is the ‘gauge field’ for
the time-reparametrization invariance, and the overdot indicates differentiation with
respect to an arbitrary parameter. Note that the variable H can also be interpreted
as a Lagrange multiplier for the constraint e = T˙ , so the standard gauge choice
T˙ = 1 (for which H becomes the Hamiltonian) is equivalent to the gauge choice
e = 1. However, we may make the alternative gauge choice T˙ = (H − V )−1, which is
equivalent to
e−1 = H − V. (1.8)
Elimination of the momentum then yields the Lagrangian
L = TH˙ +
1
2
(H − V ) gijQ˙iQ˙j , (1.9)
where we have discarded a total time derivative. Now T is a Lagrange multiplier, and
the constraint it imposes can be solved by setting H = E for some constant (energy)
E. We then arrive at the Lagrangian
L =
1
2
g˜ijQ˙
iQ˙j , g˜ij := (E − V ) gij . (1.10)
The equations of motion of this Lagrangian are the equations for affinely-parametrized
geodesics in the conformally rescaled metric g˜, and the affine parameter τ is related
to the time parameter t corresponding to the standard gauge choice by the equation
dτ = (E − V )dt. Note that the conformal factor goes to zero at the boundary of
any classically forbidden region for which E < V , although a quantum mechanical
particle may tunnel through these regions.
Cosmology as geodesic motion can be deduced in an analogous manner from an
effective relativistic point particle Lagrangian, in which the Friedmann constraint
arises as a mass-shell constraint. This idea, and its connection to the Maupertuis-
Jacobi principle has a long history1. The principle first arose in General Relativity
1We thank Lee Smolin for correspondence on this point, and for bringing the Maupertuis-Jacobi
princple to our attention.
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in connection with the ‘problem of time’ [4] ; see also [5, 6], for example, and [7, 8]
for a more recent discussion that extends the principle to include scalar fields. The
application to cosmology appears to have emerged in several steps, beginning with
the work of DeWitt cited above.
The main purpose of this paper is to apply these ideas to some specific models
in which the N scalar fields take values in a hyperbolic target space. It turns out
that for a particular radius of this target space the metric on the augmented target
space with respect to which the cosmological trajectories are geodesics is the metric
of the Milne universe. As this is just a region of Minkowski space, the geodesics
are just straight lines. We present two different realizations of this idea. One, for
which the exact solution for all fields can be found in terms of FLRW time, involves
k = 0 cosmologies in a model with constant potential; this case generalizes a model
of (2 + 1)-dimensional gravity [9] (see also [10]) that came to our attention while we
were writing up our work. The other case (which requires a different radius for the
hyperbolic target space) occurs for k 6= 0 cosmologies with V = 0.
The ubiquity of the Milne metric for gravity/scalar models with hyperbolic target
spaces is remarkable (and goes beyond the particular cases discussed here). Perhaps
the most important aspect of this is the insight it gives into the nature of cosmo-
logical singularities (of these models, at least). Indeed, it suggests how a big crunch
singularity might be resolved, leading to a subsequent re-expanding phase, as has
often been suggested in the past. We explore this possibility in the context of the
Wheeler-DeWitt equation of quantum cosmology, which is just the wave-equation of
the associated relativistic particle.
2 Flat cosmologies from particle mechanics
Consider the time-reparametrization invariant particle Lagrangian
L = pµΦ˙
µ − 1
2
e
(
η−2Gµνpµpν + 2 V
)
, (2.11)
where e is the ‘einbein’, or lapse function, that also acts as a Lagrange multiplier
for a ‘mass-shell’ constraint. The overdot indicates differentiation with respect to
an arbitrary time parameter, which can be related to the FLRW time t only after a
choice of gauge has been made. Comparison of the potential term in this effective
particle Lagrangian with its appearance in the original Lagrangian (1.1) shows that
e is essentially the spacetime volume density
√−g. From (1.3) we see, for k = 0
universes in standard FLRW coordinates, that
√−g = η. It follows that the choice
of FLRW time t corresponds to the gauge choice e = η in the effective particle
Lagrangian. However, let us now consider the alternative gauge choice
e−1 = 2η−2Ω2 =
{ |V | V 6= 0
1 V = 0
. (2.12)
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This gauge choice corresponds to a choice of time variable τ that is related to the
FLRW time t by2
dτ = 2η−1Ω2 dt. (2.13)
For non-constant V this defines τ very implicitly because V depends on t through
its dependence on the scalar fields, and their time-dependence is itself dependent on
the cosmological trajectory. However, the equations of motion are very simple in this
gauge. The momentum variables can be solved to yield
pµ = 2G˜µνΦ˙
ν , (2.14)
and the Lagrangian then becomes
L = G˜µνΦ˙
µΦ˙ν . (2.15)
Solutions of the Euler-Lagrange equations are affinely-parametrized geodesics in the
metric G˜, while the mass-shell constraint is equivalent to3
G˜µνΦ˙
µΦ˙ν =
{−sign V V 6= 0
0 V = 0.
(2.16)
These are precisely the equations shown in [3] to correspond to k = 0 cosmologies in
an affine time variable τ that is related to the FLRW time t by (2.13).
Note that Ω2 → 0 as η → 0. In our earlier discussion of the Maupertuis-Jacobi
principle we noted that the conformal factor vanishes at the boundaries of regions
in space that are classically forbidden, but that a particle could pass through these
regions by quantum mechanical tunnelling. This suggests that big-bang or big-crunch
singularities might be similarly viewed as boundaries of classically forbidden regions
that could be traversed via tunnelling. We will return to this idea after we have
introduced a class of models in which its application is most likely to prove feasible.
3 Hyperbolic sigma model cosmology
We now consider the special case of a hyperbolic target space. Specifically, we take
the target space metric to be
Gαβ dφ
αdφβ =
1
α2h
[
1
ϕ2
(
dϕ2 + |d~ψ|2
)]
. (3.17)
We will also specialize to the case of non-zero but constant V , in which case we may
set
V = ±2α2hm2 (3.18)
2What we call τ here was called tˆ in [3].
3Although it might appear that there is some discontinuity on geodesic trajectories for which the
potential changes sign, this is an artifact of the gauge choice (2.12), which was made to ensure an
affine parametrization of the geodesic. The form of the initial Lagrangian (2.11) shows that there
is no physical discontinuity.
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for some constant m2. In this case
Ω2 = α2hm
2η2, (3.19)
and hence
G˜µνdΦ
µdΦν = m2
[
−dη2 + η
2
ϕ2
(
dϕ2 + |d~ψ|2
)]
. (3.20)
This is the Milne metric on Minkowski spacetime. In terms of the new coordinates
(u, v, ~x) defined by
u =
η
ϕ
, v = ηϕ+
η|~ψ|2
ϕ
, ~x =
η ~ψ
ϕ
, (3.21)
or, equivalently,
η =
√
uv − ~x2 , ϕ = u−1
√
uv − ~x2 , ~ψ = ~x
u
, (3.22)
one finds that
G˜µν dΦ
µdΦν = m2
[
−dudv + |d~x|2
]
= m2 ηµν dX
µdXν , (3.23)
where Xµ are standard cartesian coordinates (2X0 = v + u, 2X1 = v − u) and ηµν
is the standard Minkowski metric in these coordinates. By a choice of origin for the
affine parameter τ , any geodesic in this space can be written as
Xµ =
1
m2
ηµνpντ + b
µ, (p · b = 0) (3.24)
for constant mutually orthogonal (N + 1)-vectors p and b. The mass-shell (alias
Friedmann) constraint is
p2 ±m2 = 0, (3.25)
which implies that we have a tachyon, and hence spacelike geodesics4, for V < 0.
Note that
η =
√
−X2 = 1
m
√
−m2b2 ± τ 2. (3.26)
The affine parameter τ is related to the FLRW time t by
dτ = |V |η dt. (3.27)
To complete the possibilities for constant V in this model, we may consider V = 0.
One again has a straight-line geodesic in the Minkowski coordinates:
Xµ = pµτ + bµ, (p2 = 0) (3.28)
4It might appear strange that for V < 0 we would appear to be parametrizing a spacelike geodesic
by a time parameter τ . However. one must remember that τ has an interpretation as time in a
different space to the space in which it parametrizes a geodesic.
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but we may no longer assume that p · b is zero. In fact it must be non-zero because
if were zero then reality and positivity of η would imply that b is timelike, but a
timelike vector cannot be orthogonal to a null vector. In addition, we now have
dτ = η dt. (3.29)
To determine the solution in each case as a function of the FLRW time t, we have
only to integrate the relation for dτ in terms of dt. We consider in turn the three
cases: V > 0, V < 0 and V = 0.
• V > 0. In this case p is timelike, so b2 ≥ 0 (with equality iff bµ = 0) and
dτ√
τ 2 −m2b2 =
V
m
dt. (3.30)
Integration yields
τ =
{
meV t/m b = 0
m |b| cosh (V t/m) b 6= 0, (3.31)
and hence
η =
{
eV t/m b = 0
|b| sinh (V t/m) b 6= 0. (3.32)
For b = 0 we have the de-Sitter universe (as a flat FLRW universe). For b 6= 0
we have a universe that begins with a big bang singularity at t = 0 and then
approaches a de Sitter universe at late times. The singularity corresponds to
the point at which the geodesic crosses the Milne horizon, as shown in Fig 1.
v u
Figure 1: Geodesic for V > 0. It describes an expanding universe in the region
u > 0, v > 0 with the singularity being at the point where the geodesic intersects the
horizon v = 0.
To complete the solution, we give the t-dependence of the scalar fields. For
b = 0 they are constant, and for non-zero b they are
ϕ =
sinh(V t/m)
pu
m
cosh(V t/m) + b
u
|b|
, ~ψ =
~p
m
cosh(V t/m) +
~b
|b|
pu
m
cosh(V t/m) + b
u
|b|
. (3.33)
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Note that although the full solution depends on many parameters, the spacetime
geometry depends only on |b|. In particular, note the asymptotic behaviour
mη ∼ τ, (3.34)
which is valid for any b.
• V < 0. In this case p is spacelike, so b2 could be positive, negative or zero, but
we must assume that b2 < 0 in order to find a real solution for the scale factor.
In this case
dτ√
m2|b2| − τ 2
=
V
m
dt. (3.35)
Integration yields
τ = m|b| cos(|V |t/m), (3.36)
and hence
η = |b| sin(|V |t/m). (3.37)
This represents a universe that begins with a big bang at t = 0 and recollapses to
a big crunch at t = mπ/|V |. The two singularities correspond to the two points
at which a spacelike geodesic in Minkowski space crosses the Milne universe
horizon, as shown in Fig.2.
v u
Figure 2: Geodesic for V < 0. It describes a universe that begins with a big bang at
the intersection point with the horizon u = 0 and recollapses to a big crunch at the
intersection point at v = 0.
To complete the solution, we again give the t-dependence of the scalar fields.
ϕ =
sin(|V |t/m)
pu
m
cos(|V |t/m) + bu
|b|
, ~ψ =
~p
m
cos(|V |t/m) + ~b
|b|
pu
m
cos(|V |t/m) + bu
|b|
. (3.38)
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• V = 0. In this case
dτ√
−b2 − 2(p · b) τ
= dt (3.39)
and integration yields
τ = − b
2
2(p · b) −
(p · b)
2
t2. (3.40)
This implies that
η = |p · b| t. (3.41)
The scalar fields are
ϕ =
η
puτ + bu
, ~ψ =
~pτ +~b
puτ + bu
(3.42)
with η and τ as given.
Note how, in each case, the geometry of the Milne universe determines the cosmolog-
ical singularies. With the exception of the b = 0, V < 0 case, there is always a big
bang singularity at which η ∼ t and hence
S ∼ t 1d−1 . (3.43)
This corresponds to the equation of state of stiff matter (P = ρ). In other words, the
FLRW universe is kinetic energy dominated near its singularities (and at all times if
V = 0). More generally, the formulae
α2h P =
(
η˙
η
)2
, α2h (P + ρ) = −
(
ηη¨ − η˙2
η2
)
(3.44)
can be used to determine P and ρ as functions of t. For example, one finds for
constant positive V that
P = 2b2V
(
1− sinh2(V t/m)
sinh2(V t/m)
)
, ρ = 2b2V
(
1 + sinh2(V t/m)
sinh2(V t/m)
)
. (3.45)
4 A quantum Big-Crunch/Big-Bang transition
The cosmological models just described suggest a novel mechanism for the resolution
of cosmological singularities because the geodesic evolution through these singularities
in mini-superspace is smooth in Minkowski coordinates; it is just that the scale factor
becomes complex in the ‘non-Milne’ regions of this space. We now elaborate this point
with a particular case, and consider the implications of quantum mechanics.
Consider a flat universe in the model of section 3 corresponding to a timelike
geodesic in the Minkowski moduli space (the augmented target space) with b 6= 0,
as shown in Fig.3. There are two Milne regions in this space, the past-Milne region
(u < 0, v < 0) and the future-Milne region (u > 0, v > 0). A single timelike geodesic
8
v u
Big Bang
Big Crunch
eta2>0
eta2>0
eta2<0
Figure 3: Transition from a big crunch to a big bang through a ‘hidden’ region where
the scale factor is complex.
describes both a contracting universe in the past-Milne region and an expanding
universe in the future-Milne region, corresponding to the following values of the affine
time parameter:
past−Milne : τ < −m|b|
future−Milne : τ > m|b|. (4.46)
We earlier gave the solution only for the expanding universe in the future-Milne
region, but the single trajectory in Minkowski space yields a solution in both Milne
regions5. Note that the section of the geodesic with
|τ | < m|b| (4.47)
is not part of either the contracting universe in the past-Milne region nor the ex-
panding universe in the future-Milne universe. It corresponds to a ‘hidden’ region of
the Minkowski space (behind the Milne horizon) in which the scale factor is complex.
In terms of the original gravity/scalar action (1.1), for which the scale factor is real,
there is no way of connecting the past contracting phase with the future expanding
phase–they are just different universes. However, our construction strongly suggests
that they should be considered as part of a single universe that undergoes collapse
to a singularity followed by a re-expansion. Because this occurs in a ‘hidden’ region
of the full moduli space of universes, it circumvents the theorem (see e.g. [11]) that
this cannot happen without violation of the null energy condition.
We should stress that the issue under discussion here is not how to resolve the cos-
5Note that there is an ambiguity in the relation between the Minkowski space solution in terms of
the cartesian coordinates X and the Milne variables ϕ, ~ψ, corresponding to O(1, N) transformations
(which include ϕ → ϕ−1 when ~ψ = 0), reflecting the freedom implied by isometries of the target
space.
mological singularity of the Milne universe, which is a mere coordinate singularity6.
The FLRW universes that we are considering are not Milne universes, and their cos-
mological singularities are not coordinate singularities. The Milne ‘universe’ appears
as the moduli space of FLRW universes, and a given universe is a trajectory in this
space; it just so happens that the cosmological singularities of these FLRW universes
correspond to the points at which the trajectory crosses the Milne horizon. In the
past-Milne region we have a collapsing universe approaching a big-crunch singularity
while in the future-Milne region we have a universe expanding from a big-bang sin-
gularity. Near these singularities, and in between them, we should expect quantum
mechanics to be relevant.
To study the quantum mechanics of this big-crunch/big-bang transition we first
restrict to the choice N = 2; i.e., two scalar fields (ϕ, ψ) which could be considered
as the dilaton and axion of some supergravity theory7. We quantize by imposing the
phase-space constraint of the particle action (2.11) as an operator constraint on a
Hilbert space; this gives us the Wheeler-DeWitt equation for a wave-function of the
universe. With the natural operator ordering that yields the Laplacian on the Milne
universe, this equation is
[
∆H − c2η2
]
Ψ =
∂
∂η
(
η2
∂Ψ
∂η
)
, (4.48)
for wave-function Ψ (η, ϕ, ψ), where
∆H = ϕ
2
(
∂2
∂ϕ2
+
∂2
∂ψ2
)
(4.49)
is the Laplacian on the two-dimensional hyperbolic space H2 of unit radius, and we
have set
c2 =
2V
α2h
. (4.50)
For constant V , and hence constant c, the Wheeler-DeWitt equation can be solved
by separation of variables:
Ψ = Φλ (ϕ, ψ) Ξλ(η), (4.51)
where Φλ is an eigenfunction of the Laplacian on H2,
∆HΦλ =
(
λ2 − 1
4
)
Φλ, (4.52)
and Ξ satisfies the equation
[(
λ2 − 1
4
)
− c2η2
]
Ξ =
∂
∂η
(
η2
∂Ξ
∂η
)
. (4.53)
6In particular, we see no obvious connection to the work of [12, 13] on matching across the real
singularity of an orbifold of Milne spacetime, although the methods used there may be relevant to
our problem.
7The target space is therefore the coset space Sl(2;R)/SO(2). String theory considerations mo-
tivate consideration of the compact hyperbolic space Sl(2;Z)\Sl(2;R)/SO(2), and the cosmological
implications of this were considered in [14].
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The general solution is
Ξ(η) =
1√
η
[c1Jλ (cη) + c2Yλ (cη)] , (4.54)
for arbitrary constants c1, c2, where Jλ is a Bessel function and
Yλ = [Jλ cos (λπ)− J−λ] / sin (λπ) . (4.55)
Let us consider a wave-function of the following form
Ψ =
∑
i
ci√
η
[Jλi (cη) + iYλi (cη)] Φλi(ϕ, ψ) (4.56)
for coefficients ci (we assume some standard normalization for the eigenfunctions of
∆H). From the asymptotic formula
ei
pi
2
(λ+ 1
2
)
√
π z
2
[Jλ (z) + iYλ (z)] ∼ eiz (1 +O (1/z)] , (4.57)
we deduce that, for large λ, the wave-function takes the asymptotic form
Ψ ∼ e
icη
η
f(ϕ, ψ) (4.58)
for some function f on H2. The factor of η
−1 is expected because the measure in
the integral of |Ψ|2 contains a factor of η2. Given the validity of the semi-classical
approximation for large η (which may depend on the nature of the function f(ϕ, ψ)
and hence on the choice of constants ci) we expect
Ψ ∼ e−iS (4.59)
for a slowly varying function S, which we can identify as the action of the clas-
sical trajectory. We see from (4.58), neglecting a logarithmic correction, that the
η-dependence of this action is given by
S ∼ cη = 2mη, (4.60)
where we have used V = 2α2hm
2. We saw earlier that η ∼ τ/m for large η, so
V
α2h
dη
dτ
=
∂S
∂η
, (4.61)
as expected from Hamilton-Jacobi theory.
The wave function can now be extended to a function of a complex variable η.
As the Bessel functions are regular at the origin, the wave function has at most a
singularity with a branch cut at η = 0. One can take the cut (if one is needed) along
the negative η axis, so that there is no obstruction to an analytic continutation from
real η to pure imaginary η, passing around any singularity at η = 0 in the complex
η-plane. For large |η| in the region where η is pure imaginary, the wave-function is
11
asymptotic to a sum of decaying and rising real exponentials. This suggests that the
‘hidden’ region should be viewed as a classically forbidden region that a collapsing
universe can pass through by quantum mechanical tunnelling into a region where it
becomes an expanding universe.
Similar considerations apply for the case of N scalar fields, in which case
Ξ(η) = η
1−N
2 [c1Jλ(cη) + c2Yλ(cη)] , ∆HΦ =
[
λ2 − 1
4
(N − 1)2
]
Φ. (4.62)
This leads to a wavefunction Ψ with similar asymptotic behaviour for all N .
5 Non-flat cosmologies
For k 6= 0 the geodesic interpretation of [3] required consideration of a ‘doubly-
augmented’ target space with coordinates ΨA = (Φµ, ψ∗) and metric
GAB dΨ
AdΨB = GµνdΦ
µdΦν − k C−1η−2(d−2)/(d−1) dψ2∗. (5.63)
where C is any non-zero constant. Let ΠA = (pµ, p∗) be the variables canonically
conjugate to ΨA, and consider the particle mechanics Lagrangian
L = ΠAΨ˙
A − 1
2
e
(
η−2GABΠAΠB + 2V
)
− χ (p∗ + k) . (5.64)
The new constraint imposed by χ is associated with a new gauge invariance, for which
the non-zero transformations are
δψ∗ = f, δχ = f˙ (5.65)
for arbitrary function f . This allows us to choose a gauge for which χ = 0. If we
also fix the time-reparametrization invariance by the gauge choice (2.12) then we can
eliminate ΠA by its equation of motion
ΠA = 2G˜ABΨ˙
A, G˜AB := Ω
2GAB, (5.66)
where Ω2 is the same conformal factor as before. The Lagrangian becomes
L = G˜ABΨ˙
AΨ˙B, (5.67)
so the trajectories are affinely parametrized geodesics. The mass-shell constraint is
GABΨ˙
AΨ˙B =
{−sign V V 6= 0
0 V = 0
(5.68)
and the χ constraint is equivalent to
ψ˙∗ =
C
2Ω2
η2(d−2)/(d−1). (5.69)
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For the choice C = (d− 1)(d− 2)/2, these equations are precisely the ones shown in
[3] to describe general cosmological trajectories (this is also true for any other choice
of C). Thus, we have found a particle mechanics reformulation, via the Lagrangian
(5.64), of the construction of [3]. When k = 0, solving the constraint imposed by
χ returns us to the Lagrangian (2.11) already shown to be the effective particle
Lagrangian in this case. When k 6= 0, the constraint imposed by χ implies a parti-
cle mechanics version of Scherk-Schwarz-type dimensional reduction (a discussion of
which can be found in [15]), thereby providing a simple geometric interpretation of
the projection needed in this case.
An alternative formulation of k 6= 0 trajectories as geodesics can be deduced from
(5.64) by solving the χ constraint, and discarding a total derivative, to arrive at the
alternative effective Lagrangian
L = pµΦ˙
µ − 1
2
e
(
η−2Gµνpµpν + 2 Veff
)
, (5.70)
where the ‘effective potential’ is
Veff = V − 1
2
k(d− 1)η−2/(d−1). (5.71)
The previous discussion for k = 0 cosmologies can now be carried over to the k 6= 0
case but in terms of the effective potential, which now depends on the scale factor as
well as the scalar fields. Assuming that Veff is non-zero, one has
G˜µν =
1
2
η2|Veff |Gµν , dτ = η|Veff |dt. (5.72)
The gauge-fixed effective Lagrangian is therefore
L =
|Veff |
2α2h
[
−η˙2 + α2hη2Gαβφ˙αφ˙β
]
, (5.73)
where the overdot indicates differentiation with respect to τ . The constraint is
1
2
Veff
(
−η˙2 + α2hη2Gαβφ˙αφ˙β
)
= −1. (5.74)
In the special case that φ˙α = 0, this constraint is equivalent to
(d− 1) dS
dt
=
√
2V S2 − k (d− 1). (5.75)
Clearly, the assumption φ˙α = 0 is consistent only if the right hand side is real. One
case where it is consistent is if k = −1 and 2V = −(d − 1)2ω2 for constant ω. One
then finds that
S(t) =
1√
(d− 1)ω2
sinωt, (5.76)
which yields anti-de Sitter space, as one would expect.
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As a further special case, we now consider models with V = 0, for which
Veff = −1
2
k(d− 1)η−2/(d−1). (5.77)
The geodesic trajectories are therefore null for k = 0, timelike for k = −1 and
spacelike for k = 1. The affine parameter τ is such that
dτ =
1
2
(d− 1) η(d−3)/(d−1)dt. (5.78)
If we now choose a hyperbolic target space with metric8
Gαβ dφ
αdφβ =
α2h
4ϕ2
(
dϕ2 + |dψ|2
)
, (5.79)
and define
ζ = η(d−2)/(d−1) = Sd−2, (5.80)
then we find that the gauge-fixed Lagrangian is
L ∝
[
−ζ˙2 + ζ
2
ϕ2
(
ϕ˙2 + ψ˙2
)]
. (5.81)
The particle trajectories are again geodesics in the Milne metric on a region of
Minkowski space and we may introduce cartesian coordinates Xµ as before, in terms
of which the geodesic is
Xµ =
4
α2h
ηµνpντ + b
µ, (5.82)
with the mass-shell constraint
p2 =
1
4
k(d− 1)α2h. (5.83)
If we assume that k 6= 0 (because otherwise Veff = 0 and we have a case considered
earlier) then we may also assume that p · b = 0, in which case
ζ2 ≡ −X2 = −4(d− 1)k
α2h
τ 2 − b2. (5.84)
From (5.78) we have
dτ =
1
2
(d− 1) ζ (d−3)/(d−2)dt . (5.85)
The determination of the function τ(t) is no longer quite so simple, but this is just
a matter of the parametrization of the cosmological trajectory. The Milne geometry
itself provides us with the essential qualitative features. For k = 1 we have a spacelike
geodesic which (if it yields a solution with real scale factor) must intersect the Milne
horizon twice, thus yielding a universe that begins with a big bang and ends with
a big crunch (although the trajectory in Minkowski spacetime containing the Milne
spacetime can be smoothly continued through these cosmological singularities). For
k ≤ 0 we have a timelike or null geodesic which can intersect the future Milne horizon
once only; this intersection is the big bang singularity of a universe that expands
forever.
8Note that the radius differs from our previous choice, and we take N = 2 for simplicity.
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6 Comments
In this paper we have explained how some results of [3], in which cosmological solu-
tions of gravity/scalar models with arbitrary scalar potential were shown to have an
interpretation as geodesics in an appropriate metric on the augmented target space,
follow simply from a reformulation of cosmology as relativistic particle mechanics.
The construction of [3] was straightforward for flat (k = 0) cosmologies but less so
for non-flat (k 6= 0) cosmologies involving, as it did, a projection from a geodesic in
a ‘doubly-augmented’ target space. The reformulation presented here considerably
clarifies the geometrical meaning of the latter construction. The doubly-augmented
target space is a U(1) bundle over the augmented target space, and the projection to
the latter is just a Scherk-Schwarz dimensional reduction on the U(1) fibre, at least
for k = −1 for which the extra dimension is spacelike. For k = 1 the extra dimension
is timelike and the physical interpretation is less appealing, suggesting that k = 1
universes are somehow unphysical9, although it is perhaps appropriate to recall here
that two-time particle mechanics models have found other applications [16]. In fact,
as we have shown here, it is possible to consider k 6= 0 cosmologies as geodesics in the
augmented target space by attributing the effects of spatial curvature to a contribu-
tion to an effective potential. This is actually a special case of an even more general
construction (see e.g. [7]) based on the Maupertuis-Jacobi principle of classical me-
chanics. We used this analogy to argue that cosmological singularities are boundaries
of classically forbidden regions in the space of all FLRW universes.
We have applied these ideas to various models with hyperbolic scalar target spaces
and constant potentials. A feature of the chosen models is that the metric on the
augmented target space (mini-superspace) with respect to which cosmological solu-
tions (of specified curvature) are geodesics is the Milne metric. In other words, the
Milne ‘universe’ is the moduli space of FLRW universes in these models. This al-
lows all solutions (or, at least, trajectories) to be found exactly. This state of affairs
arises for k = 0 cosmologies with a constant potential (as also noted by Waldron
in the context of (2 + 1)-dimensional gravity [9]) and for k = ±1 cosmologies with
zero potential. We have argued, in the context of k = 0 cosmologies with a positive
cosmological constant, that there is a natural quantum big-crunch/big-bang transi-
tion that corresponds to a geodesic trajectory that passes through a region in moduli
space that is behind the Milne horizon. We have argued that the quantum analogue
of the absence of a classical obstruction in moduli space is analyticity of the wave-
function as a complex function of the variable η (which is itself a power of the scale
factor). This variable is real in the past and future Milne regions and imaginary
elsewhere. Analyticity of the wave function allows a continuation into the ‘hidden’
region of Minkowski spacetime, which is analogous to a classically forbidden region
in a problem of quantum mechanical tunnelling through a barrier.
We should also stress that the existence of such a horizon in moduli space is itself a
9Note that the Schwarzschild radius of matter within the cosmological (particle) horizon of an
observer in a decelerating k = 1 universe is less than the horizon radius! Thus, in a sense, such
an observer is inside a black hole, although it is not really correct to identify the surface at the
Schwarzschild radius as an event horizon in this context.
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very special model-dependent feature. It depends, obviously, on the existence of scalar
fields, and on the choice of a hyperbolic target space for these fields. Less obviously,
it also depends on the precise choice of radius of this hyperbolic space; a different
choice would not yield a Milne universe moduli space (at least not one with respect
to which the cosmological trajectories are geodesics), and a conical singularity would
replace the Milne horizon. Effectively, this means that the distance scale determined
by the dimensionful sigma-model coupling must be a definite numerical factor times
the Planck scale, so the scalar fields should be considered as ‘gravi-scalars’. This
occurs naturally in many supergravity theories, as do hyperbolic target spaces, which
arise as moduli spaces in toroidal compactification. Whether there is any supergravity
theory that precisely realizes our construction is an interesting open question.
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